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hotmail.co.uk, juan.wang@nottingham.ac.uk (J. WangPavement and railtrack design is of huge importance to society and yet the theoretical basis for most
current design methods is still very simplistic and crude (Brown, 1996; Yu, 2006). This paper is part of
a concerted effort at the Nottingham Centre for Geomechanics to develop improved theoretical founda-
tions for pavement and railtrack design. It is mainly concerned with the development of rigorous lower-
bound solutions for shakedown of cohesive-frictional materials under three-dimensional moving trafﬁc
loads. Compared with previous studies, two important aspects are taken into account. First, this paper
considers a more general case of elliptical contact area between trafﬁc and material surface, as most pre-
vious lower-bound studies considered the trafﬁc load is applied through an inﬁnite long roller. Secondly,
by introducing a critical self-equilibrated residual stress ﬁeld, this shakedown problem is reduced to a
formulation in terms of a load parameter only. By using a simple optimisation procedure, the maximum
load parameter leads to a lower-bound shakedown limit to this problem. Results for the special case of
circular contact area are also presented in analytical form, which can then be readily applied for practical
design.
 2012 Elsevier Ltd. Open access under CC BY license.1. Introduction
Shakedown analysis using either the static/lower-bound shake-
down theorem (Melan, 1938) or the kinematic/upper-bound shake-
down theorem (Koiter, 1960) has been suggested as a rational
theoretical basis for the design of elastic–plastic structures under
repeated or cyclic loads (Koiter, 1960; Johnson, 1985; Ponter
et al., 1985; Kapoor and Johnson, 1992; Ponter et al., 2006). In the
ﬁeld of geotechnical engineering, shakedown analysis of pavements
under trafﬁc loads has received much attention in recent years. The
pioneering work of shakedown analysis for the pavement applica-
tion was done by Sharp and Booker (1984) by introducing amethod
of conics based on the static shakedown theorem. Following their
work, more lower-bound solutions were proposed for two-dimen-
sional pavement shakedown problems (Raad et al., 1988; Radovsky
and Murashina, 1996; Yu and Hossain, 1998; Shiau and Yu, 2000;
Krabbenhøft et al., 2007; Nguyen et al., 2008). Meanwhile, by
means of the kinematic shakedown theorem, the upper-boundY license. 
e for Geomechanics, Division
gineering, The University of
) 1159513903; fax: +44 (0)
(H.-S. Yu), wangjuan-ariel@
).solutions were presented for two-dimensional pavement model
(Collins and Cliffe, 1987; Li and Yu, 2006) and three-dimensional
pavement model (Boulbibane et al., 2005; Boulbibane and Ponter,
2005) under repeated moving surface loads.
One major limitation of the existing lower-bound shakedown
solutions for pavement problem is that they usually assume a
pavement under two-dimensional plane-strain moving surface
loads. In reality, the pavements are under three-dimensional mov-
ing surface loads and the contact area between the tire and pave-
ment may change from a circular form to an elongated shape
with increasing carrying loads (Croney and Croney, 1991; Juspi,
2007). Yu (2005) has suggested an analytical shakedown condition
for cohesive-frictional materials under three-dimensional Hertz
loads. However, the solutions are limited to the case of circular
contact area. Results of this shakedown condition are close to the
kinematic shakedown solution of Ponter et al. (1985) for cohesive
materials. In the case of two-dimensional plane strain problem, it
also provides identical results to the upper bound solution sug-
gested by Collins and Cliffe (1987). Therefore, Yu’s solution was
demonstrated as a necessary condition for the rigorous lower-
bound shakedown limit.
Following Yu’s work, this paper concerns a rigorous lower-
bound shakedown solution for cohesive-frictional materials under
three-dimensional moving surface loads. The load is applied over
an elliptical contact area as well as a circular contact area.
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We consider a cohesive-frictional half-space that is subject to a
surface contact loading limited to an elliptical area of semi-axes a
(major axis) and b (minor axis), as shown in Fig. 1. If the tensile
stresses are treated as positive, then the boundary stresses on
the contact surface are formulated as:
rzz ¼  3P2pab 1
x
a
 2
 y
b
 2 1=2
; ð1Þ
rxz ¼  3Q2pab 1
x
a
 2
 y
b
 2 1=2
; ð2Þ
ryz ¼ 0; ð3Þ
where P is the total normal load applied in the z-direction (i.e., the
vertical direction) and Q is the total shear force applied in the x-
direction (i.e., the moving load direction). All the boundary stresses
outside the elliptical contact area are assumed to be zero. The nor-
mal and shear forces are linked by a frictional coefﬁcient l, so that:
Q ¼ lP: ð4Þ
The stress distribution deﬁned by Eqs. (1)–(4) is often referred
to as the three-dimensional Hertz load distribution (Johnson,
1985; Ponter et al., 1985) and it has a maximum pressure
p0 = 3P/2pab at the centre of contact area (x = y = z = 0). If the load
moves along the x-direction, the main task of shakedown analysis
is to ﬁnd the critical value P (for a given l and material) below
which the cohesive-frictional half-space can be shakedown.
3. Lower-bound shakedown theorem
Melan’s lower-bound shakedown theorem states that an elas-
tic-perfectly plastic structure will shakedown under repeated or
cyclic loads if the yield condition at any point is not violated by a
total stress ﬁeld which combines the self-equilibrated residual
stress ﬁeld with the load induced elastic stress ﬁeld. If the applied
load is denoted by kp0 (where p0 may be conveniently set as the
unit pressure in the actual calculation) and k is a dimensionless
scale parameter, then all the induced elastic stress components
are also proportional to k. Melan’s shakedown theorem hence
demands:
f ðkreij þ rrijÞ 6 0; ð5Þ
where kreij is the elastic stress ﬁeld due to the applied pressure kp0,
rrij is the residual stress ﬁeld and f ðrijÞ ¼ 0 is the yield condition for
the material.
4. Shakedown analysis
For the problem studied here, the most important part of shake-
down analysis is to conceive a residual stress ﬁeld that can help thez 
y 
x Q 
P 
p0
x
y 
a-a
b 
-b 
Fig. 1. A half-space under a three-dimensional moving Hertz load.structure to resist further yielding. Meanwhile, this residual stress
ﬁeld must satisfy the equilibrium condition and yield condition.
Using the lower-bound shakedown theorem, shakedown analysis
is to ﬁnd the maximum admissible load within which a self-equil-
ibrated residual stress ﬁeld can be found to help the total stress
state to lie within the yield criterion.
Residual stresses are such that they can remain in the half-
space after the load application as a result of plastic deformation.
In a three-dimensional half-space, there may be all the six compo-
nents of residual stresses at a general material point. However,
symmetry and other considerations impose some constraints. For
the problem considered here that the material is assumed to be
isotropic and homogenous, the residual stress ﬁelds must be inde-
pendent of the travel (x) direction (Johnson, 1985; Kapoor and
Johnson, 1992).
Yu (2005) assumed that the most critical plane for a half-space
under a three-dimensional moving Hertz load is one of the x – z
planes (y = const). On these planes, the self-equilibrium and
boundary conditions eliminate the possibility of rrzz and rrxz. This
is because that for the case of normal loading, the shear stress
rexz is anti-symmetric in x as it has peaks that are equal in magni-
tude but opposite in sign on either side of x ¼ 0. It is hence not pos-
sible to increase the shakedown limit by introducing a residual
shear stress distribution rrxz which must be independent of x (John-
son, 1985; Kapoor and Johnson, 1992). It follows that the only non-
zero residual stress on these planes that may affect the shakedown
limit is the normal residual stress in the travel direction rrxx, as a
function of y and z. In the y-direction, a residual stress rryy may well
exist, as a function of z. Details about the establishment of the
residual stress ﬁelds can be found in Yu (2005), so will not be re-
peated here. These residual stress ﬁelds have been proved valid
by the numerical studies of Shiau (2001), in which the ﬁnite ele-
ment method and mathematical programming approach were
used to search for the optimum residual stress ﬁelds.
The total stresses for a general point in the half space can be de-
ﬁned as the sum of elastic stresses and residual stresses. On any
y = const plane in the three-dimensional pavement model, the total
stresses can be expressed as follows:
rxx ¼ krexx þ rrxx; ð6Þ
rzz ¼ krezz; ð7Þ
rxz ¼ krexz: ð8Þ
Assuming the half-space can be described by the Mohr–Cou-
lomb yield criterion, Melan’s lower-bound shakedown theorem
then requires that the total stress state of any point in the half
space has to lie within the Mohr–Coulomb failure surface. Since
rryy can be chosen such that ryy is an intermediate principle stress,
the above requirement leads to the following expression:
f ¼ ½ðkrexx þ rrxx  krezzÞ2 þ 4ðkrexzÞ21=2 þ ðkrexx þ rrxx þ krezzÞ sin/
 2c cos/ 6 0; ð9Þ
where c is material cohesion and / is angle of friction.
The above expression can be rewritten as:
f ¼ ðrrxx þMÞ2 þ N 6 0; ð10Þ
with
M ¼ krexx  krezz þ 2 tan/ðc  krezz tan/Þ;
N ¼ 4ð1þ tan2/Þ½ðkrexzÞ2  ðc  krezz tan/Þ2:
This expression shows a relationship between the load param-
eter k and f. However, it also includes an unknown residual stress
rrxx. Without the residual stress known, it is quite difﬁcult to ﬁnd
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ertheless, in the ﬁrst step, we can easily ﬁnd out one condition that
k must meet by making sure N 6 0 (Yu, 2005):
N 6 0) k 6 cjrexzj þ rezz tan/
: ð11Þ
By searching for the maximum value of jrexzj þ rezz tan/ through
the whole half-space, this condition can provide a necessary shake-
down condition deﬁned by ksd.
In the second step, we will try to determine the residual stress
ﬁeld rrxx. It is difﬁcult to ﬁnd all possible residual stress ﬁelds; how-
ever, we are able to ﬁnd the critical one that affects the shakedown
limit. Two conditions are considered in order to ﬁnd the critical
residual stress ﬁeld:
(1) Firstly, this residual stress ﬁeld must satisfy the condition
Eq. (10). To do so, we start by assuming that the stress state
at any point i in the half space has just approached f ¼ 0.
Therefore, the artiﬁcial residual stress rrxx at any point i in
the half-space must be either of the two roots of f ¼ 0:
Mi 
ﬃﬃﬃﬃﬃﬃﬃﬃﬃNip (smaller root) and Mi þ ﬃﬃﬃﬃﬃﬃﬃﬃﬃNip (larger root) in
which Ni is always negative once the necessary shakedown
condition Eq. (11) is satisﬁed. It should be noted that in a
real shakedown case, only a few points can reach f ¼ 0; for
other points, the residual stress should lie between the smal-
ler root and larger root and that makes f < 0.
(2) Secondly, the residual stress must fulﬁll the equilibrium
condition. For the problem considered here that the system
is independent of the travel direction x, rrxx at any depth z
should be the same. If we release the assumption f ¼ 0, just
allow f 6 0, it is then found that the possible residual stress
rrxx at any depth z = j is unique and has to lie between two
critical residual stresses: max
z¼j
ðMi 
ﬃﬃﬃﬃﬃﬃﬃﬃﬃNip Þ (referred to as
‘maximum smaller root’) and min
z¼j
ðMi þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃNip Þ (referred
to as ‘minimum larger root’), as illustrated in Fig. 2a and
shown in condition (12). Otherwise, if the maximum smaller
root is larger than the minimum larger root, it will be impos-
sible to ﬁnd a common residual stress that makes f 6 0 at all(a) Possible residual stress range 
(b) No possible residual stress 
r
xxσ
f 
minimum 
larger root 
maximum 
smaller root 
f >0
smaller root 
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Fig. 2. Illustration of possible residual stress.points at the same depth (Fig. 2b). In the latter case, the half-
space is in a non-shakedown status. It should be noted that
the maximum value of f at the critical residual stress will
always be larger than zero for a non-shakedown case
(Fig. 2b), whereas it always equals zero for a shakedown case
(Fig. 2a).ﬃﬃﬃﬃﬃﬃﬃﬃﬃp  ﬃﬃﬃﬃﬃﬃﬃﬃﬃp 
max
z¼j
Mi  Ni 6 rrxx 6 min
z¼j
Mi þ Ni : ð12ÞNote the above difference between a shakedown case and a
non-shakedown case, the critical residual stress (maximum smal-
ler root or minimum larger root) is substituted back to the condi-
tion Eq. (10) to calculate the maximum permissible load parameter
k that makes f 6 0.
This leads to the following mathematical problem:
maximise k;
subject to
f ðrrxxðkreÞ; kreÞ 6 0
rrxxðkreÞ ¼ min
z¼j
ðMi þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃNip ÞorrrxxðkreÞ ¼ max
z¼j
ðMi 
ﬃﬃﬃﬃﬃﬃﬃﬃﬃNip Þ
(
: ð13Þ
In this formulation, the deﬁnition of critical residual stress
rrxxðkreÞ ¼minz¼j ðMi þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃNip Þ or rrxxðkreÞ ¼maxz¼j ðMi  ﬃﬃﬃﬃﬃﬃﬃﬃﬃNip Þ
makes sure the fulﬁllment of the equilibrium condition for residual
stress ﬁeld, since it requires an identical value of residual stress rrxx
for all points at the same depth z = j. Different values of load
parameter k will not alter the fact of self-equilibrium for critical
residuals stresses but change the value of f. It should be noted that
at a given load parameter, two critical residual stress ﬁelds can be
obtained by calculating the maximum smaller root and the mini-
mum larger root at each depth independently. For the load param-
eter at or within the shakedown limit, these critical residual stress
ﬁelds actually constitute a region which brackets the real residual
stress ﬁeld.
Eq. (13) can be reduced to the following expressionwith only one
variable k when the load form and the materials are determined:
maximisek;
subject to f ðkÞ 6 0: ð14Þ
By searching for the maximum load parameter that satisﬁes
f ðkÞ 6 0, the rigorous lower-bound shakedown limit k0sd can be
obtained.
Eq. (14) can also be used to solve the two-dimensional shake-
down problem by using elastic stresses under a two-dimensional
load. This approach is more straightforward than the previous
methods used by Sharp and Booker (1984) and Krabbenhøft et al.
(2007) for the two-dimensional pavement problem.
Finally, using the lower-bound load limit k0sd, it is expected that
the residual stress ﬁeld itself satisﬁes the yield condition inher-
ently (i.e., f ðrrxxðk0sdreÞÞ 6 0) once the chosen boundary is large en-
ough. This is because for a point in the half space far away from the
loading area, the elastic stresses are too small to be considered so
that only residual stress exists at this point. As the lower-bound
shakedown limit is calculated based on the assumption that all
points in the half space do not violate the yield condition, the point
with residual stress only should also follow the rule. This can be
checked by using Eq. (15) which is obtained by substituting the
horizontal residual stress only into the condition Eq. (10).
2c cos/
sin/ 1 6 r
r
xx 6
2c cos/
sin/þ 1 : ð15Þ
As can be seen, the obtained critical residual stresses have to lie
between two residual stress limits which are only dependent on
the material cohesion c and the angle of friction /.
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A procedure is suggested to ﬁnd the optimum three-dimen-
sional shakedown limit and results are ﬁrstly presented and dis-
cussed for a special case – circular contact area, and then for
cases with elliptical contact area. For a Hertz stress distribution
over an elliptical or circular contact area, the necessary shakedown
condition determined by Eq. (11) is represented by a dimensionless
parameter kmax ¼ ksdp0=c. And the rigorous lower-bound shake-
down limit determined by Eq. (14) is represented by another
dimensionless parameter k0max ¼ k0sdp0=c.5.1. Shakedown solution procedure
Fig. 3 outlines the optimisation procedure. First, using the load
parameter ksd obtained from the necessary shakedown condition
Eq. (11), possible residual stresses Mi þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃNip and Mi  ﬃﬃﬃﬃﬃﬃﬃﬃﬃNip
are calculated for every point in the whole half-space. Then, a crit-
ical residual stress ﬁeld is obtained by calculating either the mini-
mum larger root or the maximum smaller root at each depth. This
step reduces the residual stress ﬁeld as a function of depth z.
Shakedown condition under this load parameter can be checked
by substituting ksd and the critical residual stress ﬁeld into Eq.
(10). If the maximum value of f among all points is found to be
very close to 0 (said 1e-3 here), the present lower-bound
shakedown solution k0sd coincides with the analytical shakedownN 
max( )sd e exz zz
c
tan
λ
σ σ φ= +
1 2
3 2
λ λλ +=
New critical residual 
stress field 
( )1 4 max 1 3?e f e− ≤ ≤ −
1 20, sdλ λ λ= =
Shakedown limit 'sdλ
Y 
( )max 1 3?f e≤ −
Shakedown limit 'sd sdλ λ=
Critical residual stress field  
max( )
z j
r
xx i iσ
=
= −Μ − −Ν  or min( )
z j
r
xx i iσ
=
= −Μ + −Ν
r
xx i iσ = −Μ ± Ν at point i
If ( )max 1 3f e> −
2 3λ λ=
If ( )max 1 4f e< −
1 3λ λ=
Method of  
Bisection 
N Y 
Check ( ) 0rxxf σ ≤Check ( ) 0rxxf σ ≤
Fig. 3. Flow chart for lower-bound shakedown solution.solution ksd. Otherwise, if maxðf Þ is larger than 1e-3, a smaller load
parameter is required. In the latter case, the problem becomes how
to determine the maximum permissible load parameter k0sd at
which the sum of corresponding elastic stresses and critical resid-
ual stresses fulﬁlls the Mohr Coulomb yield condition at every
location in the half-space.
Noticing that the load parameters have to lie between ksd and 0, a
method of bisection is utilised to ﬁnd the optimumshakedown limit
efﬁciently. The method of bisection takes a load parameter
k3 ¼ ðk1 þ k2Þ=2 in which the initialized k1 is 0 and the initialized
k2 is ksd, then recalculates the critical residual stress ﬁeld, followed
by the search for the maximum value of f. If maxðf Þ is larger than
1e-3, the current loadparameter is too large, k2 is updated by k3; else
if maxðf Þ is smaller than 1e-4, k1 is updated by k3. The above proce-
dure is repeated until the condition 1e 4 6 maxðf Þ 6 1e 3 is sat-
isﬁed. The ﬁnal load parameter k3 is the lower-bound shakedown
limit k0sd, and the point providing themaximumvalue of f is the crit-
ical point.
The above procedure as well as the elastic stress solutions for the
Hertz load distribution was programmed in FORTRAN. The mini-
mum larger root and themaximum smaller root were utilised inde-
pendently, and the same shakedown limits were obtained. It was
found in the numerical applications that a very small change of the
load parameter k3 (said 1e-3) around the lower-bound shakedown
limit k0sd results in a signiﬁcant change of maxðf Þ, from 1e-7 to 1e-3
and consequently the above condition 1e 4 6maxðf Þ 6 1e 3
can provide an accurate shakedown limit.
The method of bisection was also checked by using an alterna-
tive method that reduces the load parameter gradually from the
analytical shakedown limit ksd until a condition maxðf Þ 6 1e 7
is met. Both methods gave the same shakedown limits and the lat-
ter one was much more time-consuming if the decrease increment
was very small.
5.2. Special case – circular contact area
The contact area between the pavement and tyre is generally
non-circular. For simplicity however it is often assumed to be of
a circular form in current practice (Croney and Croney, 1991). As
a result, we will ﬁrst present the shakedown solutions for the cir-
cular contact area.
5.2.1. Elastic stresses under the Hertz load distribution over a circular
area
In order to implement shakedown analysis, the elastic stress
ﬁelds are required. The analytical solutions for elastic stresses at
any point (x,y,z) in the half-space, due to the three-dimensional
Hertz stress distribution were derived by Hamilton (1983).
The elastic stresses due to the normal load P are given as
follows:
ðrexxÞp ¼
3P
2pa3 ð1þ tÞzuþ
1
r2
Nðx2 þ 2ty2Þ Mx
2za
S
("
þ y
2  x2
r2
ð1 tÞNz2  1 2t
3
ðNSþ 2AN þ a3Þ  tMza
 	
;
ðrezzÞp ¼
3P
2pa3
N þ azM
S
 
;
ðrexzÞp ¼
3P
2pa3 z
xN
S
 xzM
G2 þ H2
  
: ð16Þ
When x = y = 0, the above formulae are indeterminate and are
given as:
ðrexxÞp ¼ 3P2pa3 ð1þ tÞ z tan1 az

  a
 þ a32ða2þz2Þh i;
ðrezzÞp ¼ 3P2pa3 a
3
a2þz2
h i
;
ðrexzÞp ¼ 0:
ð17Þ
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below:
ðrexxÞq ¼ 3Q2pa3 axMr4 32 2x
2
r2
 
ðSt 2Atþ z2Þ þ x2z2S þ 7tr
2
4  2tx2 þ r2
n oh
þ xzNr4 32 2x
2
r2
 
 S6 ð1 2tÞ  A3 ð1 2tÞ  12 ðz2 þ 3a2Þ
 n
þ a2x2S  tr
2
4  7r
2
4
o
 x t4þ 1

 
uþ 4a3xz3r4 32 2x
2
r2
 
ð1 2tÞ
i
;
ðrezzÞq ¼ 3Q2pa3 xzN2r2 1 r
2þz2þa2
S
 h i
;
ðrexzÞq ¼ 3Q2pa3 3zu2 þ azMr2 1þ x
2
r2  x
2
S
n oh
þ Nr2  34 ðSþ 2AÞ þ z2  34 a2  14 r2 þ z
2
2
1
2 2x
2
r2
 n oi
:
ð18Þ
When x = y = 0, the formulae are:
ðrexxÞq ¼ 0;
ðrezzÞq ¼ 0;
ðrexzÞq ¼ 3Q2pa3 aþ 32 z tan1ðazÞ  az
2
2ða2þz2Þ
h i
:
ð19Þ
where t is Poisson’s ratio, A ¼ r2 þ z2  a2, S ¼ ðA2 þ 4a2z2Þ1=2, r2 ¼
x2 þ y2, M ¼ SþA2

 1=2, N ¼ SA2
 1=2, u ¼ tan1ð aMÞ, G ¼ M2  N2þ
zM  aN, H ¼ 2MN þ aM þ zN.
5.2.2. Results and discussion
Table 1 presents the results of the necessary shakedown condi-
tion kmax with respect to various frictional coefﬁcients and friction
angles. Table 2 and Fig. 4 present the numerical results of the rig-
orous lower-bound shakedown solution. It is clear that the shake-
down limit k0max increases with the rise of friction angle butTable 1
Three-dimensional shakedown condition kmax ¼ ksdp0=c.
l / = 0 5 10 15 20
0.0 4.68 5.52 6.53 7.75 9.25
0.1 4.13 4.83 5.65 6.62 7.8
0.2 3.68 4.27 4.96 5.76 6.72
0.3 3.31 3.82 4.41 5.09 5.88
0.4 2.5 3.2 3.96 4.55 5.23
0.5 2 2.42 3.09 4.1 4.7
0.6 1.67 1.95 2.36 3.01 4.24
0.7 1.43 1.63 1.91 2.31 2.98
0.8 1.25 1.4 1.6 1.88 2.29
0.9 1.11 1.23 1.38 1.58 1.87
1.0 1 1.1 1.21 1.37 1.57
Note: poisson’s ratio = 0.3.
Table 2
Three-dimensional lower-bound shakedown limits k0max ¼ k0sdp0=c.
l / = 0 5 10 15 20
0.0 4.68 5.52 6.53 7.76 9.25
0.1 4.13 4.83 5.65 6.63 7.8
0.2 3.68 4.27 4.96 5.76 6.32
0.3 3.31 3.82 4.01 4.09 4.21
0.4 2.5 2.97 3.01 3.07 3.16
0.5 2 2.37 2.41 2.45 2.52
0.6 1.67 1.93 2.01 2.05 2.1
0.7 1.43 1.62 1.72 1.75 1.8
0.8 1.25 1.39 1.5 1.53 1.58
0.9 1.11 1.22 1.34 1.36 1.4
1.0 1 1.09 1.2 1.23 1.26
Note: poisson’s ratio = 0.3; Underlined shakedown limits correspond to surface failure.decreases with the rise of frictional coefﬁcient. Numerical search
for the critical point shows that it always lies on the central plane
y = 0 and it tends to move to the half-space surface with increasing
frictional coefﬁcient and friction angle. As expected, the necessary
shakedown condition gives a maximum boundary to the lower-
bound shakedown limit. When the subsurface failure is critical
(i.e., the critical point lies within the half-space), the lower-bound
shakedown limit is equal to the necessary shakedown condition;
otherwise, when the surface failure is critical (i.e., the critical point
lies on the surface of the half-space), it is usually smaller than the
necessary shakedown condition.
Results of this three-dimensional shakedown solution are com-
pared with earlier ﬁndings for frictionless materials of Ponter et al.
(1985), as well as the results for frictional materials of Shiau
(2001), as shown in Figs. 5 and 6. For pure cohesive materials, the
present shakedown limits agree with the upper-bound shakedown
limits of Ponter et al. (1985) for cases l ¼ 0 and lP 0:3. The differ-
encebetween thepresent solution andPonter et al.’s solution is larg-
est when l ¼ 0:2 where the failure mechanism changes from
alternating plasticity to incremental collapse. In the case of normal
loading only, the present three-dimensional shakedown limits also
agree well with available numerical results in Shiau (2001). Shiau’s
numerical results are only approximate to the exact lower-bound
solution because the numerical approach uses ﬁnite element meth-
odwhich introduces errors to the elastic stress ﬁeld. Amajor limita-
tion of using ﬁnite elements is that a very large number of
displacement ﬁnite elements are needed to ensure the accuracy of
the shakedown limit; however this could also lead to an extremely
large mathematical programming problem hardly to be solved.
It is also found that for the surface failure cases with relatively
higher friction angle, the critical residual stress always occurs at25 30 35 40 45
11.11 13.47 16.5 20.49 25.88
9.23 11 13.2 16.02 19.7
7.86 9.24 10.95 13.08 15.79
6.82 7.95 9.32 11.01 13.13
6.02 6.97 8.11 9.5 11.23
5.38 6.19 7.16 8.35 9.8
4.86 5.57 6.42 7.43 8.69
4.28 5.06 5.8 6.7 7.8
3 4.49 5.3 6.1 7.08
2.31 3.1 4.87 5.59 6.48
1.87 2.37 3.33 5.16 5.97
25 30 35 40 45
11.11 13.47 16.5 20.48 25.88
9.23 11 13.2 15.70 17.08
6.56 6.87 7.27 7.79 8.46
4.37 4.57 4.84 5.18 5.62
3.27 3.43 3.63 3.88 4.21
2.62 2.74 2.9 3.1 3.36
2.18 2.28 2.41 2.58 2.8
1.87 1.96 2.07 2.21 2.4
1.64 1.71 1.81 1.94 2.1
1.45 1.52 1.61 1.72 1.87
1.31 1.37 1.45 1.55 1.68
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analytical expression of these shakedown limits then can be de-
rived as:
k0max ¼
k0sdp0
c
¼ 16
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ tan2 /
p
lðtþ 4Þp : ð20Þ
This equation implies these shakedown limits are actually con-
trolled by q not p, so that the shakedown limit can be written in
terms of q rather than p:
kqmax ¼
k0sdq0
c
¼ 16
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ tan2 /
p
ðtþ 4Þp : ð21Þ
The shakedown limits in Table 2 are multiplied by the correspond-
ing frictional coefﬁcient l and reproduced in Table 3. It shows that
when /P 10, the numerical shakedown limit is well predicted by
Eq. (21) with error less than 2%.
When / = 0, the shakedown limit is controlled by the necessary
shakedown condition (11) and the critical residual stress and the
critical point occur at (0, 0, 0). When 0 < / < 10, the critical points
lie between a < x < a, so the shakedown limit cannot be expressed
in a simple analytical formulation.
Nevertheless, Eq. (20) together with the necessary shakedown
condition (11) are able to predict most lower-bound shakedown
limits for the three-dimensional pavement problem, especially
for realistic cases (e.g. / = 0 and / = 2545).
It is instructive to compare the shakedown limits for a cohesive-
frictional half-space under a three-dimensional moving Hertz load
with those for a two-dimensional moving Hertz load. For the two-dimensional shakedown problem, the critical residual stress
always occurs at (a, 0, 0) and the critical point always occurs at
(±a, 0, 0). The analytical expression of the 2D shakedown limit at
surface failure case then can be derived. The equations governing
the two-dimensional shakedown limit is presented here. Similar
expression has been suggested by Krabbenhøft et al. (2007). Com-
pared with Eq. (20), the two-dimensional shakedown solution for
surface failure case does not dependent on Poisson’s ratio. This is
because elastic stress ﬁelds under the two-dimensional Hertz load
distribution does not dependent on Poisson’s ratio.
For subsurface failure case :k0max¼
k0sdp0
c
¼ 1
maxðjrexzjþrezz tan/Þ
:ð22Þ
For surface failure case : k0max ¼
k0sdp0
c
¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ tan2 /
p
l
: ð23Þ
One advantage of the present rigorous lower-bound solution is
that the critical residual stress ﬁeld rrxx at the shakedown limit can
be plotted against depth z. Fig. 7 displays typical critical residual
stress ﬁelds at the shakedown limit as well as the inﬂuence of fric-
tional coefﬁcient on their distributions. The residual stress is nor-
malised by c and the depth is normalised by a. As can be seen,
these critical residual stress ﬁelds (i.e., the minimum larger root
and the maximum smaller root) all lie between two residual stress
limits which are calculated from Eq. (15). In each case, two critical
residual stress ﬁelds always touch at one point which also indi-
cates the depth of the critical point. When l is small, the critical
point occurs beneath the surface (i.e., subsurface failure mode).
With the rise of frictional coefﬁcient, two critical residual stress
ﬁelds tends to converge at the half-space surface, leading to surface
failure when l = 0.2.
The importance of the critical residual stress ﬁeld is that if we
could apply a certain compressive stress in the travel direction to
the pavement structure before it is applied to service, it will largely
help the pavement to resist rutting.
The critical residual stress ﬁelds induced by a two-dimensional
Hertz load in a cohesive-frictional half-space has been compared
with the residual stress ﬁelds obtained from ﬁnite element (FE)
analysis (Wang and Yu, accepted for publication) and it has shown
that the numerical calculated residual stress ﬁelds are well con-
tained by the critical residual stress ﬁelds when the shakedown
load is applied, even at the critical depth. Two examples are given
in Fig. 8. It has also shown that the FE calculated residual stresses
within the plastic region are very close to the compressive (nega-
tive) minimum larger roots. Outside the plastic region, the FE cal-
culated residual stresses are almost zero while the minimum larger
roots are positive. This is because the critical residual stresses are
Table 3
Three dimensional shakedown limits in terms of traction lk0max ¼ k0sdq0=c.
l / = 0 5 10 15 20 25 30 35 40 45
0.0 0 0 0 0 0 0 0 0 0 0
0.1 0.41 0.48 0.57 0.66 0.78 0.92 1.10 1.32 1.57 1.71
0.2 0.74 0.85 0.99 1.15 1.26 1.31 1.37 1.45 1.56 1.69
0.3 0.99 1.15 1.20 1.23 1.26 1.31 1.37 1.45 1.55 1.69
0.4 1.00 1.19 1.20 1.23 1.26 1.31 1.37 1.45 1.55 1.68
0.5 1.00 1.19 1.21 1.23 1.26 1.31 1.37 1.45 1.55 1.68
0.6 1.00 1.16 1.21 1.23 1.26 1.31 1.37 1.45 1.55 1.68
0.7 1.00 1.13 1.20 1.23 1.26 1.31 1.37 1.45 1.55 1.68
0.8 1.00 1.11 1.20 1.22 1.26 1.31 1.37 1.45 1.55 1.68
0.9 1.00 1.10 1.21 1.22 1.26 1.31 1.37 1.45 1.55 1.68
1.0 1.00 1.09 1.20 1.23 1.26 1.31 1.37 1.45 1.55 1.68
Eq. (21) 1.18 1.19 1.20 1.23 1.26 1.31 1.37 1.45 1.55 1.68
Eq. (11) 1.00
Note: poisson’s ratio = 0.3; Underlined shakedown limits correspond to surface failure.
Fig. 7. Critical residual stress ﬁelds at the shakedown limit when / = 30.
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Their studies have also demonstrated that the only non-zero
residual stresses are the horizontal residual stress rrxx and the
out-of-plane residual stress rryy.5.3. Elliptical contact area
Although a circular contact area is usually considered in practi-
cal pavement design, an elliptical contact area is closer to a real tirepatch. It is found that the contact area between the pavement and
the tire tends to become elongated in the direction of travel under
high vehicular loads. Their inﬂuences on the shakedown limit
should be investigated in detail.5.3.1. Elastic stresses under the Hertz load distribution over an
elliptical area
The analytical solutions for elastic stresses at any point (x, y, z)
in the half-space due to the three-dimensional Hertz stress distri-
Fig. 8. Comparison between critical residual stress ﬁelds and ﬁnite element calculated residual stress ﬁeld.
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(1982) and Sackﬁeld and Hills (1983a, 1983b). The elastic stress
expressions used in the present study have been programmed in
FORTRAN and veriﬁed through comparing with the ﬁnite element
results. The stress expressions of rzz and rxz are given below.
(Sackﬁeld and Hills, 1983a,b)
The stresses due to the normal load P
rezz

 
p ¼
3P
2pab
 bz
3
a4s5HG
" #
; ð24Þ
rexz

 
p ¼
3P
2pab
 bxz
2
a4s3ðs2 þ 1ÞHG
" #
: ð25Þ
The stresses due to the tangential (or shear) load Q
rezz

 
q ¼
3Q
2pab 
bxz2
a4s3ðs2 þ 1ÞHG
" #
; ð26Þ
rexz

 
q ¼
3Q
2pab 
bx2z
a4sðs2 þ 1Þ2HG þ
bzðI1  I3Þ
a2
" #
; ð27Þ
where
s is the largest root of
x2
a2ðs2 þ 1Þ þ
y2
a2ðs2 þ ðb=aÞ2Þ
þ z
2
a2s2
¼ 1;
H ¼ x
2
a2ðs2 þ 1Þ2
þ y
2
a2ðs2 þ ðb=aÞ2Þ2
þ z
2
a2ðs2Þ2
;
G ¼ ðs2 þ 1Þðs2 þ ðb=aÞ2Þ
h i1=2
;
I1 ¼
Z 1
s
dw
ð1þw2Þ3=2ððb=aÞ2 þw2Þ1=2
;
I3 ¼
Z 1
s
dw
w2ð1þw2Þ1=2ððb=aÞ2 þw2Þ1=2
;
w is the (dummy) variable of integration.
The stress expressions of rxx used in the present study are taken
from Bryant and Keer (1982), as shown below.The stresses due to the normal load P
rexx

 
p ¼
3P
2pab
ð1 e2Þ1=2 2tWðq; x; y; zÞ þ 2ð1 tÞ z
a
W1ðqÞ
h
þð1 2tÞ x
2
a2
I8  I11
 
 x
2z
a3
DðqÞ
q3Hðq; f; mÞ

; ð28Þ
The stresses due to the tangential (or shear) load Q
rexx

 
q ¼
3Q
2pab
ð1 e2Þ1=2 x
a
2ð1þ tÞW1ðqÞ þ 6tI9½
þð1 2tÞ 3 z
a
I8 þ x
2
a2
I10
 
 x
2
a2
ðq2  1ÞDðqÞ
q5Hðq; f; mÞ

; ð29Þ
where t is Poisson’s ratio, a; b are the lengths of the major and min-
or axes of the contact ellipse, e2 ¼ 1 ðb=aÞ2 ð0 < e < 1Þ; and the
functions Wðq; x; y; zÞ, W1ðqÞ, Hðq; f; mÞ, I8, I9, I10, I11 and DðqÞ are
deﬁned in the Appendix.
5.3.2. Results and discussion
Table 4 compares the three-dimensional lower-bound
shakedown limits for two different cases: (i) the aspect ratio of
the elliptical contact area b/a equals to 0.5 and (ii) circular contact
area (i.e., b/a = 1). It shows that the shakedown limits for b/a = 0.5
are generally larger than those for circular contact area. When sub-
surface failure is critical, the difference increases with rising fric-
tion angle and decreases with rising frictional coefﬁcient. For the
case of normal loading only, the difference varies from 23% to
33% when the friction angle increases from 0 to 45. Therefore,
the assumption of circular contact area between a tyre and a pave-
ment would lead to a lower shakedown limit thus a conservative
design.
In the special case of zero friction angle, surface failure occurs
when lP 0.3 for b/a = 0.5 whereas it occurs when lP 0.4 for b/
a = 1. This implies that surface failure is more likely to occur in
the case with elliptical contact area than in the case with circular
contact area.
Values in Table 4 are multiplied by their corresponding fric-
tional coefﬁcients and reproduced in Fig. 9 which demonstrates
the shakedown limit in terms of surface traction kqmax ¼ k0sdq0=c.
When / is relatively large (e.g. 30, 45), the shakedown limit for
b/a = 0.5 barely changes with the frictional coefﬁcient once surface
failure becomes critical. Their critical residual stresses occur at (a,
0, 0) and their critical points occur at (±a, 0, 0). This situation is
similar to that for circular contact area case when /P 10. Shake-
Table 4
Effect of contact area shape on three-dimensional shakedown limits.
l / = 0 / = 15 / = 30 / = 45
b/a = 0.5 b/a = 1 b/a = 0.5 b/a = 1 b/a = 0.5 b/a = 1 b/a = 0.5 b/a = 1
0.0 5.75 4.68 9.95 7.76 17.69 13.47 34.51 25.88
0.1 5.05 4.13 8.41 6.63 14.24 11 23.08 17.08
0.2 4.46 3.68 7.25 5.76 9.1 6.87 11.41 8.46
0.3 3.34 3.31 5.33 4.09 6.04 4.57 7.53 5.62
0.4 2.51 2.5 3.97 3.07 4.52 3.43 5.62 4.21
0.5 2 2 3.16 2.45 3.61 2.74 4.48 3.36
0.6 1.67 1.67 2.62 2.05 3 2.28 3.73 2.8
0.7 1.43 1.43 2.18 1.75 2.56 1.96 3.19 2.4
0.8 1.25 1.25 1.83 1.53 2.23 1.71 2.78 2.1
0.9 1.11 1.11 1.57 1.36 1.97 1.52 2.45 1.87
1.0 1 1 1.37 1.23 1.77 1.37 2.2 1.68
Note: poisson’s ratio = 0.3; Underlined shakedown limits correspond to surface failure.
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only. An analytical expression for these shakedown limits is unable
to be derived because it involves a numerical integration during
the calculation of elastic stresses. When / = 15, the critical point
lies at (±a, 0, 0) for cases l = 0.3–0.6; whereas it is located between
(a, 0, 0) to (0, 0, 0) for cases l = 0.7–1.0. This situation is similar to
that for the case / = 5 under a circular contact area.
Figs. 10 and 11 demonstrate the variation of shakedown limits
against aspect ratio when / = 0 and / = 30 respectively. Forpurely cohesive material (/ = 0), the aspect ratio has no effect
on the lower-bound shakedown limit when surface failure occurs.
However, the reduction of aspect ratio tends to increase the shake-
down limit when subsurface failure occurs, associated with the
critical point moving upwards. For the cases with l = 0.2, the
shakedown limit grows with decreasing aspect ratio until it
reaches a maximum value, when the critical point location trans-
fers to the half-space surface. For material with friction angle
3806 H.-S. Yu, J. Wang / International Journal of Solids and Structures 49 (2012) 3797–3807/ = 30, surface failure occurs when lP 0.2. The shakedown limit
rises with reducing aspect ratio for both surface failure and subsur-
face failure cases. It is interesting to notice that these shakedown
limits when multiplied by the corresponding aspect ratio have a
linear relationship with aspect ratio, as shown in Fig. 12. Therefore,
the shakedown limit at any aspect ratio can be represented by the
shakedown limit at the circular contact case kcircular and an inclina-
tion angle h, as expressed below
kmax ¼ ksdp0c ¼
kcircular  tan h
b=a
þ tan h: ð30Þ6. Conclusion remarks
Rigorous lower-bound solutions to the stability problem of
three-dimensional cohesive-frictional half-space under moving
surface loads have been derived. This newly developed solution
method uses a critical residual stress ﬁeld and thus reduces the
shakedown problem as a function of a single load parameter. Re-
sults of this lower-bound solution method have shown good agree-
ment with the upper-bound solution of Ponter et al. (1985) for
cohesive materials and also with the numerical lower bound solu-
tion of Shiau (2001) for cohesive-frictional materials. The critical
residual stress ﬁelds obtained in this paper agree well with the
numerical results obtained by Wang and Yu (accepted for
publication) using ﬁnite element methods.
When the critical point lies within the half-space (i.e., rolling
with limited sliding), it is found that the lower-bound shakedown
limits are identical to those obtained from the necessary shake-
down condition of Yu (2005). When the critical point lies on the
surface of the half-space (i.e., rolling with signiﬁcant sliding), the
shakedown solutions for most cases with a circular contact area
have also been presented in an analytical form.
When the load is applied over an elliptical contact area, the
shakedown limit generally increases with rising aspect ratio b/a,
except for cohesive materials under high surface traction (it
doesn’t changes with aspect ratio). Shakedown limits when multi-
plied by corresponding aspect ratio b/a are also found of being lin-
early related to the aspect ratio b/a. In particular, the difference of
shakedown limit between two cases b/a = 0.5 and b/a = 1 can be-
come as large as 33%, so that shakedown limits obtained for a cir-
cular contact area are conservative compared to those for an
elliptical contact area.
Recently, Brown et al. (in press) have reported a series of labo-
ratory tests involving the application of moving wheel loads to lay-
ered pavement materials and it was found the data showing the
phenomena of shakedown or non-shakedown due to different load
levels generally agree with the lower-bound predictions. These
experimental evidences indicate the relevance of theoretical lower
bounds to real geotechnical materials and also give considerable
promise to the shakedown solution as an approach towards the
development of pavement design procedure.
Finally, it should be pointed out that this study is concerned
with the material that follows an associated plastic ﬂow rule for
which Melan’s lower-bound shakedown theorem is valid. The term
‘rigorous lower-bound’ is used in context of this classical shake-
down theorem. For cohesive-frictional materials obeying a non-
associated ﬂow rule, we still lack well-accepted lower and upper
shakedown theorems for general application. Nevertheless, some
numerical results have been obtained with the aid of ﬁnite element
tools. Using a linear matching technique developed by Ponter and
Engelhardt (2000) for shakedown problem, Boulbibane and Ponter
(2005) were able to give upper bound shakedown solutions for
Drucker–Prager materials with non-associated plastic ﬂow rule.However, for rolling contact problem, their solutions were not
compared with those obtained for an associated plastic ﬂow rule.
The numerical studies of Li (2010) for non-associated ﬂow rules,
extended from Li and Yu (2006), suggest that the upper-bound
shakedown limits may be lower than those with an associated ﬂow
rule. Most recently, Wang and Yu (accepted for publication) have
conducted ﬁnite element analyses of a Mohr–Coulomb half-space
under repeated moving surface loads. The effect of non-associated
plastic ﬂow rule has been considered by conducting ﬁnite element
analyses for two material cases: (i) material with associated plastic
ﬂow rule / =w = 20 (ii) material with non-associated plastic ﬂow
rule / = 20, w = 12 (w is the dilation angle). It was found that
although two cases gave different values of plastic strains at the
same load level, their fully-developed horizontal residual stresses
were very close and the shakedown load limit for case (ii) was only
1% lower than that for case (i). It was also noticed that for materials
with high friction angle, the difference due to the non-associated
plastic ﬂow rule may become more obvious. Further research is re-
quired to develop a shakedown theorem considering a non-associ-
ated plastic ﬂow rule and obtain more numerical results for
materials with different friction and dilation angles.
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q; f; m are roots of
x2
a2s2
þ y
2
a2ðs2  e2Þ þ
z2
a2ðs2  1Þ ¼ 1ðq
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;
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Cð#; eÞ ¼
Z #
0
dn
ð1 e2 sin2 nÞ1=2
;
Eð#; eÞ ¼
Z #
0
ð1 e2 sin2 nÞ1=2dn;
Hðq; f; mÞ ¼ ðq2  f2Þðq2  m2Þ;
DðqÞ ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðq2  1Þðq2  e2Þ
q
;
Zðf; m; eÞ ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ð1 f2Þð1 m2Þ
1 e2
s
;
a ¼  e2 þ x
2
a2
þ y
2
a2
 
;
b ¼ e2 x
2
a2
;
B ¼ e2  x
2
a2
 y
2
a2
;
C ¼ e2 y
2
a2
;
D ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
B2  4C
p
;
x ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
a2  4b
p
;
dðq; x; y; eÞ ¼ 1ﬃﬃﬃﬃﬃﬃﬃCp arcsin
Bðq2  e2Þ þ 2C
ðq2  e2ÞD  arcsin
B
D
 	
;
/2ðq; x; y; eÞ ¼
v0ðq; x; y; eÞ
q2
 1;
v0ðq; x; y; eÞ ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
q4 þ aq2 þ b
p
;
10ðq; x; yÞ ¼
1ﬃﬃﬃ
b
p log 2
ﬃﬃﬃ
b
p
v0ðq; x; yÞ þ 2bþ q2a
q2ð2 ﬃﬃﬃbp þ aÞReferences
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